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The transmission of sound from a source outside a nonisothermal high-speed boundary layer is considered. The

Nomenclature

constants in extended Heun equation (AS5)
[also F'in Eq. (23b)]

coefficients [Eq. (31)] in series expansion

[Eq. (28)].

stagnation enthalpy [Eq. (A2)]

coefficients [Eq. (32)] in series expansion

[Eq. (30)]

sound speed [Eq. (4a)], stagnation value

[Eq. (11a)], and value in freestream [Eq. (38a)]
density of internal energy [Eq. (Al)]
coefficients [Eq. (B7)] in series expansion

[Eq. (BO)]

enthalpy [Eq. (AD)]

dependent variable [Eq. (25b)] in differential
equation (26)

dependent variable [Eq. (19b)] in differential
equation (20)]

transverse wave number in freestream [Eq. (35)]
integration variable [Eq. (C1)]

longitudinal wave number [Eq. (7)]
boundary-layer thickness [Eq. (33)]

Mach number of freestream [Eq. (38b)]
number of degrees of freedom of a molecule of
gas [Eq. (12a)]

acoustic pressure spectrum for wave of
frequency w and longitudinal wave number k at
a distance y from the wall inside [Eq. (7)] and
outside [Eq. (34)] the boundary layer
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sound source is assumed to lie in a uniform stream and matched to a zero velocity at the wall by a linear velocity
profile. The unidirectional shear mean flow is assumed to be isentropic but nonhomentropic, so that the entropy, the
sound speed, and the temperature can vary from one streamline to the other. The condition of homoenergetic flow, or
constant enthalpy, is used to relate the sound speed to the mean flow velocity and specify the temperature profile in the
boundary layer. Compared with a homentropic boundary layer, for which sound refraction is due to the shear flow
alone, a nonhomentropic boundary layer introduces additional refraction due to the nonuniform sound speed
and the associated temperature gradients. It is shown that for a high speed, even in isentropic conditions, the
nonhomentropic effects of temperature gradients and the nonuniform sound speed can cause significant sound
attenuation (viz., for the same sound source outside the boundary layer, the acoustic pressure at the wall can be
substantially reduced). This agrees qualitatively with the results from testing propfans at high subsonic speeds, which
showed significant sound attenuation in the fuselage boundary layer.

acoustic pressure perturbation [Eq. (3)]

mean flow pressure [Eq. (2b)]

solution of wave equation (27b) of first

[Eq. (28)], second [Eq. (29)] kind, and
complementary function [Eq. (30)]
dependent variable in acoustic-wave
equation (24), as a particular case of the
generalized Heun equation (B1)

strength of sound source [Eq. (34)]
temperature and stagnation values [Eq. (1L1c)]
time [Eq. (1a)]

mean flow velocity [Eq. (1b)] in freestream
[Eq. (33)]

longitudinal coordinate along wall [Eq. (1b)]
dimensionless distance from critical layer
[Eq. (272)]

distance from wall [Eq. (1a)] of critical layer
[Eq. (18a)], of critical flow points [Eq. (18b)],
and of sound source [Eq. (34)]

distance from wall divided by boundary-layer
thickness [Eq. (39a)] for critical layer

[Eq. (39b)] and for upper critical flow point
[Eq. (40)]

dimensionless frequency parameter [Eq. (21a)]
in freestream [Eq. (37a)]

dimensionless wave number parameter

[Eq. (21b)] in freestream [Eq. (37b)]

ratio of specific heats [Eq. (4a)]

Dirac delta function [Eq. (34)]

dimensionless compressibility parameter

[Eq. (L1b)]

dimensionless distance from critical layer
[Eq. (22a)] and of critical layer and critical flow
points [Eq. (23b)]

independent variable [Eq. (25a)] in differential
equation (26)

dimensionless distance from wall [Eq. (19a)]
and of critical layer and critical flow points
[Eq. (23a)]

total mass density [Eq. (2a)] of mean flow
[Eq. (3)]
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index [Eq. (31)]

viscous stresses [Eq. (A1)]

thermal conductivity [Eq. (Al)]
dimensionless parameter [Eq. (21¢)] in
freestream [Eq. (37¢)]
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I. Introduction

HE propagation of sound inisothermal shear flows is specified by

the homentropic form of the wave equation [1-9], and has been
studied mostly by numerical and approximate analytical methods,
with three motivations in mind: 1) propagation in ducts containing a
shear flow, such as jet engine ducts [10-21], 2) effect of boundary
layers on sound near a wall, such as the fuselage or cabin of an aircraft
[22-26], and 3) effect of laminar shear layers on sound transmission
(e.g., shear layers of a jet exhaust and wakes of control or high-lift
devices [27-32]). The model of a shear layer as alaminar shear flow of
finite width [33] is intermediate between a vortex sheet [27,31] as a
discontinuity of the tangential velocity and an irregular shear layer
[34-39], which may entrain turbulence [40—46]. The acoustic-wave
equationin alaminarshearflow has asingularity in which the Doppler-
shifted frequency vanishes; the latter is calculated from the flow
velocity, the wave frequency, and the horizontal wave number.
The singularity corresponds to the critical level, extensively studied
for various types of waves (e.g., internal [47—49], inertial [50],
nondissipative [51], and dissipative [38,52-54] acoustic gravity;
instability [55,56]; and nondissipative [54,57-63] and dissipative
[64—68] hydromagnetic). Critical levels have been considered in the
acoustics of shear flows as turning points [20,29,30,69].

The propagation of sound in shear flows is relevant to aircraft
engine ducts (inlets or nozzles), to jet exhausts and jet mixing, and to
boundary layers. In the case of high-speed jets and engine exhausts,
the shear flow is combined with temperature gradients, and both
change the sound speed, causing refraction effects. The acoustic-
wave equation in a unidirectional shear flow has been known
for a long time [1-7] in the homentropic case, which implies an
isothermal flow but does not restrict the Mach number. Exact
solutions of this wave equation are obtained most readily in the case
of the linear velocity profile using 1) parabolic cylinder functions
[70], 2) Whittaker functions [33,71], 3) confluent hypergeometric
functions [32,72,73], and 4) decomposition into functions (even and
odd) relative to the critical layer [74]. The critical level corresponds to
the vanishing of the Doppler shifted frequency and can lead to sound
absorption. This has also been demonstrated for the exponential
boundary layer [75] and the hyperbolic tangent shear layer [76] when
the wave equation can be solved in terms of extended Gaussian
hypergeometric functions [77,78]. The acoustic-wave equation in
a unidirectional shear flow has been extended to the isentropic
nonhomentropic case [8], including swirl [9], allowing for high-
Mach-number flow and temperature gradients. It has been solved for
a linear velocity profile [79] in a homoenergetic flow; in this case, in
addition to the critical layer, there are also singularities at the critical
flow points at which the sound speed vanishes. This is an example of
sound in an isentropic nonhomentropic shear flow for which, in
addition to the critical level, there may be other singularities due to
the nonuniform sound speed.

A particular case of isentropic nonhomentropic flow is the
homoenergetic flow, which has constant enthalpy (Appendix A). This
condition relates the sound speed to the flow velocity and thus specifies
the temperature profile in the mean flow. The critical points of the
mean flow, in which the sound speed vanishes, are singularities of the
acoustic-wave equation. Thus, the latter (Sec. II) has three regular
singularities, at the critical level and at the critical flow points, plus a
singularity atinfinity, whichisirregularin the case of alinear shear flow.
A differential equation with four regular singularities is of the Lamé or
Heun type if they are all regular, and (because, in the present case, one
singularity is irregular) this leads to an extended Heun differential
equation (Appendix B). The acoustics of a plane’s unidirectional
homoenergetic shear flow (Sec. II) with a linear velocity profile
(Sec. III) can be matched to auniform stream (Sec. IV) containing aline
source of sound (Appendix C). The sound field emitted by the source

yo=2L
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- T
L \_

U(y)=Qy

— y=kQJ/c

X
Fig. 1 Sound wave of frequency » and horizontal wave number k
propagating in a linear shear flow of vorticity £, matched to a uniform
stream of arbitrary velocity U, to represent a boundary layer of
thickness L = U, /€.

outside the nonisothermal boundary layer (Fig. 1) is partially reflected
and partially transmitted; the refraction effects depend on the velocity
and the temperature or sound speed profiles in the boundary layer
(Fig. 2). The acoustic pressure is calculated from series solutions
converging in the whole flow region (Fig. 3) for 15 combinations
(Table 1) of the three dimensionless parameters:

1) The first parameter is the local freestream Mach number
calculated from the freestream velocity and the freestream sound
speed (which is lower than the stagnation sound speed).

2) The second parameter is the ratio of horizontal phase speed to
the sound speed in the freestream, which is related to the direction of
propagation and the evanescence conditions.

3) The third parameter is the Strouhal number or ratio of the wave
frequency to the vorticity, which is constant in the linear shear
velocity profile in the boundary layer. In these 15 cases of homo-
energetic (i.e., isentropic nonhomentropic) flow, the modulus and
the phase of the acoustic pressure is plotted (Figs. 4-6) versus the
distance from the wall (made dimensionless by dividing the
boundary-layer thickness). The sound source is placed at a distance
from the wall of twice the boundary-layer thickness; the same
distance from the wall was also used in a comparison of homentropic
and homoenergetic shear flows (Figs. 7 and 8) that show little
difference at low Mach numbers as concerns sound transmission.
At higher Mach numbers, the nonuniform sound speed in the non-
homentropic case is associated with temperature gradients that cause
additional sound refraction, implying a significant reduction of
acoustic pressure at the wall (Sec. V).

II. Acoustic Wave Equation in High-Speed
Homoenergetic Shear Flow

Consider a unidirectional shear flow,

U=U(y)e, (1a)
d_2 9 9
3=&+U~V—E+ U(y)a (1b)

for which the material derivative is given by Eq. (1b); the inviscid
momentum

%_U +(U-V)U + p'Vp =0 2a)
t

[p = const = p,] (2b)

leads to constant gas pressure Eq. (2b), regardless of whether the
mass density is constant or not. For a homentropic mean flow,
because the entropy is constant (s = const = s), it follows that
every other mean flow quantity [e.g., mass density (p = const = pg)
and sound speed (¢ = const = c¢))] is also constant; in the case of
isentropic but nonhomentropic mean flow, the entropy can vary
across (but not along) streamlines s(y), and thus the mass density
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Fig. 2 Homoenergetic unidirectional shear flow with a linear velocity profile [Eq. (33)] in the boundary layer matched to a uniform stream: a) the
condition of constant stagnation enthalpy specifies the corresponding b) temperature [Eq. (60)] and c) sound speed [Eq. (56b)] profiles.

p(y) and the sound speed c(y) can also vary across streamlines. In
this case, it can be shown that the acoustic-wave equation satisfied by
the pressure [8,76] is

d(1d*p 0’p
==L +vqa .Vp — V2 2W— =0 @3
O (62 et (log py) - Vp p) + ox iy 3)

which is of the third order due to coupling the two acoustic modes to
vorticity. Taking into account that the adiabatic sound speed is given
for a perfect gas by Eq. (4a), for a constant mean flow pressure an
adiabatic exponent follows [Eq. (4b)]:

c=yp/p (4a)

p, ¥ = const: V(log ¢?) = —V(log p) (4b)

In particular, for a perfect gas [Eq. (5a)], the sound speed [Eq. (5b)]
leads to Eq. (5¢):

R, py = const: py = RpT (5a)
¢> = yRT (5b)
V(log ¢?) = V(log T) (5¢)

Using Eq. (4b) in Eq. (3), it follows that the acoustic pressure
perturbation in a high-speed unidirectional shear flow satisfies the
wave equation,
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Fig. 3 Linear velocity profile in the boundary layer matched to a
uniform freestream. In the case of a critical level in the boundary layer,
the radius of convergence R of the series solution around the critical level
is determined by the nearest singularity, which is the upper critical flow
point. Thus, the region of validity of the solution is below y, = y,.., and
above yin-
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- ———V AN _\2
” (logc?) - Vp Vp} (6)

c? dt

in agreement with a longer derivation [5,20], which includes source
terms.

Because the mean flow properties depend only on the transverse
coordinate y (i.e., the mean flow is steady and longitudinally
uniform), itis convenient to use a Fourier decomposition in time 7 and
a longitudinal coordinate x,

+00 .
plx, y, 1) = / / P(y; k, w)e @9 de dk )

where P(y; k, w) denotes the acoustic pressure perturbation
spectrum for a wave of frequency w and for a longitudinal wave
number k at position y. The dependence of the acoustic pressure on
the latter is generally not sinusoidal [i.e., it is specified by substituting
Eq. (7) in Eq. (6)]; namely,

(w—kU)P" + 2[kU" + (w — kU)c'/c]P'

+ (0 —kU)[(w — kU)?/c* = k*]P =0 (8)

881

where the following have been used:

3 — iw (9a)
i — —ik (9b)
ox
d .
— = i(w—kU) c¢)
dr

To solve the wave equation (8), it is necessary to specify [despite the
profile of the mean flow velocity U(y)] the profile of the sound speed
¢(y). For a perfect gas, the choice of the sound-speed profile c(y) is
equivalent to the choice of a temperature profile 7'(y); most of the
exact solutions of the acoustic-wave equation in a unidirectional
shear flow assume a linear velocity profile [32,70-74] and a
homentropic flow (i.e., constant entropy). In this case, the sound
speed is constant, and the wave equation (8) reduces to the well-
known form [1-7],

(0 —kU)P" + 2kU'P' + (w— kU)[(w—kU)2/c* — k2P =0 (10)

which is the one considered in all of the references previously
mentioned. The derivation of Eq. (8) applies equally well to
isentropic nonhomentropic mean flow, in which case the wave
equation (10) holds only at a low Mach number when the sound
speed is constant. In the present paper, neither the restriction to
homentropic mean flow nor the restriction to low-Mach-number
mean flow are made, and so the wave equation (8) does not reduce
to Eq. (10) (i.e., the mean flow temperature is not assumed to be
uniform). Thus, the acoustic-wave equation (8) describes the
propagation of sound in a nonisothermal unidirectional shear flow, if
the isentropic condition is retained, but the homentropic condition is
not imposed.

A possible choice of temperature profile, which is consistent with
isentropic nonhomentropic mean flow, is the condition [79] of
constant stagnation enthalpy; this allows p, T, and ¢ to vary from one
streamline to the next as a function of y. This relates the sound
speed c¢(y) and the mean flow velocity U(y) at an arbitrary streamline
to the stagnation sound speed ¢, by Eq. (1la), where ¢ is the
compressibility constant [Eq. (11b)]:

[cF =g — UG (11a)
e=+/(y—1)/2 (11b)
T(y)/Ty=1—[eU(y)/col? (11c)

The corresponding temperature profile is in Eq. (11c), where T} is
the stagnation temperature. The ratio of specific heats, at a constant
pressure and volume for a perfect gas, takes the value in Eq. (12b),

Table 1 Coverage of the boundary layer by solutions around the wall (z = 0) and the critical level (z = z,)

Figure Case P Mx Ze Zx R Zmin Zmax Solution around
Fig. 4 1 20 0.7 2.857 +£3.347 2.857 —2.857 +2.857 z=
Fig. 4 2 05 07 0.714 +£3.347 2.633 —1.919 3.347 Z2=2
Fig. 4 3 -0.1 0.7 —0.143 £3.347 3.204 —3.347 3.061 =2
Fig. 4 4 —40 07 5714 =£3.347 2.990 —3.347 3.347 =0
Fig. 5 5 40 1.0 4.000 +£2.449 2.449 —2.449 2.449 z=0
Fig. 5 6 1.0 1.0 1.000 +£2.449 1.449 —0.449 2.449 =2
Fig. 5 7 =05 1.0 —-0.500 +2.449 1.949 —2.449 1.449 =2
Fig. 6 8 30 35 0.857 +£1.187 0.857 —0.857 0.857 =0
0.330 0.527 1.187 =2,
Fig. 6 9 20 35 0.571 £1.187 0.616 —0.045 1.187 Z2=2
Fig. 6 10 —40 35 —1.142 +1.187 1.142 —1.142 1.142 z=0
Figs. 7 and 8 11 40 0.1 40.000 +22.383 22.383 —22.383  22.383 z=0
Figs. 7 and 8 12 40 03 13.333  £7.520 7.520 —7.520 7.526 z=0
Figs. 7 and 8 13 40 07 5714 +£3.347 3.347 —3.347 3.347 z=0
Figs. 7 and 8 14 40 1.0 4.000 +£2.449 2.449 —2.449 2.449 z=0
Figs. 7 and 8 15 40 35 1.143  +£1.187 1.143 —1.143 1.143 z=0
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Fig. 4 Acoustic pressure versus distance from a rigid wall for
a) amplitude and b) phase, made dimensionless by dividing the
boundary-layer thickness for a homoenergetic flow with a linear velocity
profile (matched to an uniform stream of high subsonic Mach number
M, = 0.7). Sound from a line source at a distance from the wall equal to
the double of the boundary-layer thickness. Wave frequency equal to
vorticity «, = 1 and four values of [Eq. (37b)] ratio of horizontal phase
speed to sound speed in freestream, including positive 8., > 0 and
negative 8, < 0 horizontal wave number k corresponding, respectively,
to downstream and upstream propagation.

where N is [Eq. (12a)] the number of degrees of freedom of a
molecule:

1) A monatomic gas (N = 3) gives y = 5/3.

2) A diatomic gas or a polyatomic gas with molecules along a line
N =5leads to y = 7/4 (e.g., air consisting of diatomic nitrogen N,
and oxygen O, in ambient conditions).

3) For a three-dimensional polyatomic molecule, N = 6 leads to
y=4/3 in.

N=3,5,6 (12a)
y=C,/C,=1+2/N=5/3,7/54/3 (12b)

The values in Eq. (12b) correspond to
N=3,56 (13a)

e=(y—1/2=1/VN=1//3,1/5,1//6
=0.577, 0.447, 0.408 (13b)

for the compressibility constant. For gas mixtures and imperfect
gases, other values of y, and hence ¢, are possible.

VA
4
M, = 1.0 o, =10
37
2-4B.=-05
4.0
1 1.0
S
=
<
_1 -
,27
-3
47 1 1 1 I 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1 1.2 14 1.6 1.8 2
Z

Fig. 5 Asin Fig. 4, for sonic freestream g, = 1, the wave frequency is
much higher than the vorticity a., = 10 and the three values of ., in
Eq. (37b).

In the case of a boundary layer (Fig. 1), as the mean flow velocity
increases from zero at the wall [U(y) = 0] to the freestream velocity
far away [U(oco) = U], the sound speed ¢, and the temperature
reduce from Egs. (14a) and (14b), leading to a negative temperature
gradient:

c3 = yRT (14a)

2 =YRT,, = ¢ — &U? (14b)
dr dUu

— =-22U— <0 (14c)
dy dy

Thus, the case of homoenergetic shear flow corresponds to a negative
temperature gradient. The acoustic-wave equation (8) in a high-
Mach-number homoenergetic shear flow

(0 —kU)(c3 — 2U)P" +2U'[k(c2 — £2U?)
— 2U(w— kU)JP' + (0 — kU)[(w — kU)? — kK*(c2 — £2U*)|P =0
(15)

has four singularities:
1) The first singularity is a critical level at which the Doppler
shifted frequency vanishes [Eq. (16a)],

0=w.(y) =w—-kU(y.) (16a)

Uy,) =ow/k (16b)

[i.e., the mean flow velocity equals the acoustic phase speed
calculated from the horizontal wave number in Eq. (7)]
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Fig. 6 As in Fig. 4, for supersonic freestream M = 3.5, the wave
frequency is much smaller than the vorticity a,, = 0.1 and the three
values of 8, in Eq. (37b).

2) The second and third singularities are the two critical flow
points at which the sound speed vanishes [Eq. (16a)],

0=c(ys) (16¢)

U(ys) = £co/e = £/2/(y — Deg = £cV/N (16d)

corresponding to Eqs. (11-16) for a perfect gas, for which the
molecules have N degrees of freedom.
3) The fourth singularity is the point at infinity y = f-o0.

III. Critical Level for Sound and Critical Flow Points

The homoenergetic mean flow is one of the simplest choices of
nonhomentropic flow in which the energy equation takes a simplified
form (Appendix A); it allows an assessment of nonisothermal effects
on the propagation of sound in shear flows. One effect already
apparent is that the sound speed in Eq. (11a) is not constant (i.e., it
depends on the velocity profile of the unidirectional shear flow);
hence, the sound speed is a function of the distance from the wall,
leading to refraction effects and the appearance of the additional
singularities [Eqs. (16¢) and (16d)] in the wave equation. Most of the
literature considers the propagation of sound in a shear flow in
homentropic conditions, with the simplest velocity profile being the
linear case [33,70-74]. This velocity profile is also taken in the
present study of sound propagation in a homoenergetic [79] shear
flow. Thus, to complete the specification of the wave equation (14),
a linear shear flow (Fig. 1 ) is considered,

Uy) = Qy (17a)

QI

-3.2

-2.4 4 0.7

Arg(Q)
/
=
I
22
FEE N .

s j____\_ _____

-3.2 \ \ \ \
0 0.2 0.4 0.6 0.8 1

Fig. 7 Comparison (as in Fig. 4) of the sound fields due to a line source
for homoenergetic (solid line) and homentropic (dotted line) shear
flows and for low speed M, = 0.1, incompressible M, = 0.3, subsonic
M., = 0.7, sonic M, =1, and supersonic M., = 3.5 freestreams. The
wave frequency is equal to the vorticity a,, =0.1 and S, =4 in
Eq. 37h).

d
o =3Y_ const (17b)
dy

for which the vorticity is constant [Eq. (17b)] and specifies the
position in Eq. (16a) of the critical layer in Eq. (12b); namely,

Ve = 0/ (2k) (18a)

vy = £cy/eR2 (18b)

The location of the critical layer [Eq. (18a)] is generally distinct from
the position [Eq. (18b)] of the two critical flow points [Eq. (16d)].
Coincidence would be possible only for y. =y, if the horizontal
phase speed had a precise relation to the stagnation sound speed
w/k = ¢,/ e and for propagation in the positive x direction k > 0 or,
alternatively, y, = y_ for propagation in the negative x direction
k < 0. The change of the independent variable

E=y/y.=kU/w=Qky/w (19a)

J(E; k, w) = P(y; k, o) (19b)

places the critical level at a point of unity {, = 1 and transforms the
wave equation (15) to
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b)
Fig. 8 AsinFig. 7, with the relation 8., = M, /2 to ensure that there is
a critical level in the middle of the boundary layer y, = L/2.

(1 =AY =§J" +2(1 - A*§)J —a(1 = §[1 — A*&

-pA-8 =0 (20)
involving three dimensionless parameters,

a = (w/Q)? (21a)

B = w/(cok) (21b)

A = ew/(cpk) (21¢)

namely,

1) The first parameter is the square of the ratio of the wave
frequency w to the mean flow vorticity €2, which is smaller for the
larger shear flow effect.

2) The second parameter is the ratio of horizontal phase speed
u=w/k to sound speed ¢, (viz., B =u/cy), so that f =1 for
horizontal propagation, B > 1 for transversely propagating waves
® > ke, and B < 1 for transversely evanescent waves.

3) The third parameter is A =0 for low-Mach-number flows
¢c=cyp, y=1,0re=0inEgs. (11a) and (11b), so that A # Oisa
measure of the high-speed effects.

The change of the independent variable

¢=(¢E-D/A/A=1) (22a)

R(Q) = J(E: k. w) (22b)

shifts the regular singularities at the critical level, and the critical flow
points from Eqgs. (18a) and (18b) in terms of y to Eq. (23a) in terms of
& in Eq. (19a), and to Eq. (23b) in terms of ¢ in Eq. (22a),

E,E.=1, £1/A (23a)

(80 & =0, L(A+D/(A—1)=F  (23b)
and lead to the differential equation:

S =DE = FR" =2[F = AY/(A = DR’
—a(l = 1/APE-DE—F) + B/A’IR=0 24

The point at infinity could be expected to be an irregular singularity
of the wave equation, because the mean flow velocity diverges there.
It can be confirmed that the point at infinity is an irregular singularity
of degree two by performing the change of variable,

n=1/¢ (252)

1(n) = R(9) (25b)
which transforms the wave equation (24) to
n(1 =) —Fpl” +2[1—=3An/(A —1) + 2Fp?)l'
=l =1/AP[A—m(1 —Fn) + B2/AT=0  (26)

The point at infinity (y, &, { = 0o) is mapped to the origin n = 0 in
Eq. (252) and, if the coefficient of I” is 2, then I has a coefficient 72,
showing that n =0 is an irregular singularity of degree two.
The differential equation (24) has three regular and one irregular
singularity, and it is an extended form of Heun’s or Lamé’s
differential equation, which has four regular singularities
(Appendix B). In the neighborhood of each singularity, there is a
linearly independent pair of solutions for which the radius of
convergence is limited by the nearest singularity. The wave field is
specified in each of these regions by a linear combination of two
linearly independent solutions; the arbitrary constants are deter-
mined from two boundary conditions. Depending on the location of
the singularities, several pairs of solutions may have to be matched
to cover the whole flow region. For example, because both the
origin £ = 0 and the critical level £ = 1 are regular singularities, the
solutions exist as the Frobenius—Fuchs series, with the unit radius of
convergence; the solution around the origin is given is Appendix B
for the generalized Heun’s equation, of which Eq. (24) is a particular
case.

A similar method applies to Eq. (24), leading to a solution [79]
around the critical level, which is a linear combination,

Y=y/y.—1=§-1=81—-A)/A (272)

R(§) = RAY/(1 - A)] = Q(Y) =AQ,(Y) + BO,(Y)  (27b)

with arbitrary constants A and B of the functions of two kinds:
1) The first kind,

x AY n+3
Y)= N —— 28
0= 0.0(;*) e8)
vanishes at the critical level.
2) The second kind,

0>(Y) = 01 (M) log[AY/(1 = A)] + Ox(Y) (29)

has a logarithmic singularity at the critical level, dominated by
Eq. (28), and involves a complementary function,
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o0 A n
0200 =3 b,00(12) 60)
n=0

which is finite at the critical level. The coefficients in Eq. (28) satisfy
[79] the recurrence formula:

Fn+o+1)(n+o0-2)a,, (o)
=2[A/(A—=D](n+0)(n+0—2)a,(0) +[aF(1—1/A)*
—~(N+o—-DN+0-2)a,(0)
—a(1=1/AP[(1 + F)a, 5(0) = (1 + B*/A%)a, 5(0)]  (31)
The coefficients of Eq. (30) are specified by
lim

o 4 [a,(0)] (32)

b,(0)=a,(0
(0= a,(0) + 50

These wave fields have been illustrated for a linear velocity profile
[79], and so it is sufficient to proceed to the matching with a uniform
stream.

IV. Sound Source Outside a Boundary Layer

The linear shear flow is assumed before Eq. (17a) can be
unbounded for the homentropic case and is limited by the critical
flow points in Eq. (18b) in the homoenergetic case. In either case, the
linear shear flow can be matched (Fig. 1) to a uniform stream,

_J Sy ify<L,
U(y)_{QyEUoonL if y>1L 33)
where L = U,/ is the boundary-layer thickness and U, is the
freestream velocity. The critical layer in Eq. (18a) occurs within the
boundary layer if y. < L or w < QkL. The acoustic field inside
the boundary layer has been calculated before, and the acoustic
pressure P(y; k, w) and the velocity ~P'(y; k, w) are to be
matched across y = L to the acoustic field in the freestream, thus
determining the constants of integration A and B in the general
solutions. In the freestream, the mean flow velocity is constant, and
the wave equation (8) simplifies to

Pl + K*Pog = S50 = 30) (34)

where:
1) K is the vertical wave number in the freestream,

K = |(w— Uxk)?/ 2 — K2 35)

involving the freestream sound speed in Eq. (14b).

2) A line source of strength S was placed in the freestream at a
distance y, from the wall. The forced solution (Appendix C) of
Eq. (36) is the first term of

P (v. k. w) = —(iS/4K) expliK|y — yol] + C exp(—iKy) (36)

and the second term is an upward-propagating wave of amplitude
C. , reflected from the boundary layer (because the source lies in the
freestream). The source strength is chosen to be S = i 4 K, and the
constant C, is determined so as to satisfy arigid wall condition (more
details will be given in Sec. V).

The dimensionless parameters of the solution in the boundary
layer [Eqs. (21a-21c)] are reconsidered, bearing in mind the
matching to the uniform stream in Eq. (33):

U = (0/Q)° = (0L/U)? (37a)
Boo = w/(cock) (37b)
A = e0/(cxk) = efo (370

Thus, the ratio of the wave frequency to the vorticity becomes the
Strouhal number in Eq. (37a), and Eq. (21b) and (21c) is used to show

the sound speed at infinity, which is related [Eq. (38a)] to the
stagnation sound speed ¢,

3 =c% +&U% =X (1 + e2M2) (38a)

My =Us/ca (38b)

where the Mach number of the freestream was introduced
[Eq. (38b)]. The distance from the wall is now made dimensionless
by dividing the boundary-layer thickness,

72=y/L=Qy/Uy (39a)

so that [Eq. (39b)]:

1) The critical level lies in the boundary layer 0 <z, <1 if
0 < B < M, which implies propagation downstream and a high
Mach number

2) The critical level lies outside the flow region and above the wall
z. > 1 for propagation downstream and a low Mach number
ﬂOO > M(X)‘

3) The critical level lies outside the flow region below the wall
z. <0 for propagation upstream f,, <0 at any Mach number.
Although the critical level lies in the physical region of interest only
in case 1, in cases 1-3, it limits the radius of the convergence of other
solutions (e.g., around the wall or around the critical flow points).

The lower critical flow point z_ lies below the wall [Eq. (18b)], and
the upper critical flow point

20 =yi /L= 0o/ (6QL) = e/ U)WV + &M,
= \/W >1 (40)

lies above the boundary layer. The amplitude and the phase of the
acoustic pressure are plotted as a function of distance from the wall
(Figs. 4-8) in the 15 cases listed in Table 1. Table 1 shows the 15
combinations of the freestream Mach number [Eq. (38b)] and the
ratio [Eq. (37b)] of the horizontal phase speed to the sound speed used
for the plots of acoustic pressure in Figs. 4-8. In each case, the
locations of the critical level and the critical flow points are indicated.
These locations determine the region of convergence of the solutions
around the wall (z = 0) and around the critical level (z = z.). In most
cases, the whole boundary layer is covered by one solution [viz., (1,4,
5, 10-15)], by the solution around the wall, and (2, 3, 6, 7, 9) by the
solution around the critical level. In case 8, both solutions are needed
to cover the whole boundary layer, with matching in the overlapping
partof their region of validity. In all of these cases, itis sufficient to use
the series solutions around the critical level (Sec. III) or around the
wall (Appendix B). In cases 1, 4, 5, and 10-15, both the critical level
and the critical flow points are at a distance above or below the wall,
greater than the thickness of the boundary layer |z, | > 1 < |z.|; thus,
the solution around the wall z = 0 covers the whole flow region
0 < |z| < 1. In all of the remaining cases (2, 3, 6, 7, 9) except 8, the
distance of the critical level from the wall is less than that of the critical
flow points and is less than the thickness of the boundary layer. If the
critical level is (Fig. 3) inside the boundary layer [Eq. (41a)]:

1) The nearest singularity is the upper critical flow point, which
determines the radius of convergence [Eq. (41b)] of the solution
around the critical level.

2) The solution around the critical level is valid in the range
[Eq. (41¢c)], which includes the boundary layer above the critical
level.

3) The latter also includes the boundary layer below the critical
level and up to the wall if y,;, <0, in Eq. (41c):

O<z.<zy>1 (41a)
R=z,—z (41b)

0>zpin=22.—24, =2, —R<z<z,+R=1z, = zpx (4lc)
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A similar reasoning applies for a critical level below the wall
—1 < By < 1 + M. Incase 8, neither the solution around the wall
nor that around the critical level alone cover the whole flow region;
together, they cover the whole boundary layer, including an
overlapping region at which they can be matched.

Using Eqgs. (37) and (38b) in the vertical wave number [Eq. (35)],

K= k\/ (ﬂoo - Moo)2 -1 (423)

it follows that it is imaginary; that is, the waves are evanescent in the
freestream if

My —1=<B,=<14+M, (42b)

The sound field, due to a time harmonic line source (Fig. 1) outside an
homoenergetic boundary layer with a linear velocity profile (Fig. 2),
is plotted next as a function of the dimensionless distance from the
wall [Eq. (39a)] in the case of homoenergetic shear flow (Figs. 4-6),
including a comparison with [33] the homentropic case (Fig. 7). The
general acoustic field in the linear shear flow [Eq. (27b)] is matched
to the sound field [Eq. (36)] in the uniform stream as follows:

1) The coordinate Y in Eqs. (18a) and (27a) is related to z by
Egs. (39a), (39b), and (37b) by

14Y=y/y,=Qky/w=QLkz/w=z(Uyk/w)=Myz/Bs (43)

2) The incident acoustic field [Eq. (36)], due to the source in the
uniform stream with strength [Eq. (44a)], is expressed in terms of z in
Eq. (39a) by Eq. (44b),

S =i4K (44a)

0,(2) = Poo(y, K, ®) = exp{iKL|z — 70|} + C, exp(—iKLz)
(44b)

where, by Egs. (33), (37b), (38b), and (37a),
kL = kUqo/Q = (Uso /) 0/ (cooBoc) = (Moo /Boo) (@/2)
=Moo/ B (452)
thus, from Eq. (42a),

KL = (Mo /og/Bo) V (Boo — Mc)* — 1 (45b)

3) The acoustic pressure and velocity are continuous at y = L or
z=1,orY =M_/Bs — 1inEq. (43), so that Egs. (27b) and (44b)
are equal together with their derivatives:

Qoo(l):AQl(Moo/ﬂoo_ 1)+BQ2(M00/:300_ 1) (463)

4) The preceding relations in Eqs. (46a) and (46b) specify A and B
interms of C, and the latter is determined by the rigid wall boundary
condition Q'(—1) =0.

V. Effect of Mach Number, Vorticity,
and Direction of Propagation

The parameter ., in Eq. (37b) is interpreted most simply in the
case of a plane wave of frequency w in a medium at rest with sound
speed ¢, for which the horizontal wave number is

k= (w/cs) cos By (47a)

Boo = 0/ (cok) = sec by, (47b)

The parameter in Eq. (47b) thus specifies the angle of the direction
of propagation with the horizontal. It specifies the vertical wave
number,

M, =0 (48a)

K= (0/cy)sinby, = Boky/1— B2 =kypi —1  (48b)

in agreement with Eq. (42), in the absence of mean flow [Eq. (48a)].
Then, when a plane wave corresponds to

M,=0 (49a)

Boo > 1 (49b)

poo(x’ Y, Z) = Aexp[i(a)t — kx — Ky)]
—A exp[i(w/coc)(coot /BT ﬂ;ﬁ)] (49)

there is vertical propagation for real K in Eq. (48b) or ., > 1 in
Eq. (49b). Instead, B, < 1 leads to evanescent waves:

M, =0 (50a)
B <1 (50b)

poo(x’ Y, t) = Aexp[i(x/coo)(t/coc - x/ﬂoo)]
x expl—(w/c0)|BZ — 1]'2y] (50¢)

In the presence of a uniform mean flow of Mach number M, the
vertical wave number in Eq. (48b) is replaced by Eq. (51),

K= (0/co)*(1 — M cos 0,.)* — k2
= kvVBL(1 =M /Bo) — 1 (51)

in agreement with Eq. (42). A plane wave in the freestream is
specified, instead of Eq. (49¢), by

poo(xv Y, [) = {exp i(w/coo)[coot_ x/:Boo

- /BB~ M- 1) 52
The condition of propagation is real K in Eq. (51), corresponding to
(ﬂoo - Moo)2 >1 (533)
Boo <My —1 (53b)

or
Boo> 1+ M., (53¢)

If neither of the conditions in Egs. (53b) and (53c) is met, then the
evanescent waves [Eq. (42b)]

Poo(X, ¥, 1) = Aexplio(t — x/coe Bso)] expl(w/coo)|1
— (1= My /B)|'?y] (54)

correspond to zones of silence.

Inside the boundary layer, there is a horizontal wave number £, as
shown by the Fourier spectrum in Eq. (7). There is no vertical wave
number, because the wave equation (15) has no sinusoidal solutions.
The exact solutions in Egs. (28-30) involve multiple internal reflec-
tions of all orders in the boundary layer. It is possible to choose the
constants of integration (A and B) in the general solution [Eq. (27b)]
to match an upward- or downward-propagating wave in the free-
stream:

p+(y; k, w) = A, exp(£iKy) = A, exp(iKLY) = Q. (Y) (55)
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with given amplitudes A.. The boundary conditions would be
similar to Eqs. (46a) and (46b), replacing Q. with Q_ for a
downward-propagating wave and Q, for an upward-propagating
wave in the freestream. The boundary conditions in Eqgs. (45a) and
(45b), used for the following Figs. 3-7, correspond to Eq. (36); that
is, a source outside the boundary layer plus a reflected wave, thus
excluding incoming waves from infinity. The source is placed at a
distance from the wall equal to the double of the boundary-layer
thickness y, = 2L or z, = 2; the scaling of the distance from the wall
with the boundary-layer thickness [Eq. (39a)] is retained for all plots,
for consistency of the representation of the mean flow (Figs. 1-3)
and the sound fields (Figs. 4-8). The normalization of the distance
from the wall, with regard to the thickness of the boundary layer,
is convenient for the sound field [Eqs. (43-46)] in the region of
nonuniform flow. The distance of the sound source from the wall
appears only in the simpler sound field in the freestream. The velocity
profile (Fig. 1) matches [Eq. (33)] a uniform stream of velocity U, to
a zero velocity at the wall through [Eq. (33)] a boundary layer of
thickness L with a linear velocity profile. The sound speed in the
boundary layer [Eq. (11a)] is related to that at infinity [Eq. (14a)] by

0<y=L (56a)

[cMP = c& +[(y = D/2J(UZ - Q%) (56b)

In particular, the ratio of sound speeds and temperatures at the wall
and the freestream is

(co/c)® =To/Toe =1+ [y = 1)/2IMZ, =1+ ML /N (57)

where the freestream Mach number in Eq. (38b) and the number of

degrees of freedom of a molecule [Eqs. (12a) and (12b)] were used.
For a diatomic perfect gas [Eq. (58a)], with the compressibility

parameter in Eq. (58b), the freestream Mach numbers [Eq. (58¢)]

N=5 (58a)
e=1/+/N=0.447 (58b)
M, =0.1,03,0.7, 1.0, 3.5 (58¢)

correspond to the ratios of the sound speeds [Eq. (59a)] and the
temperatures [Eq. (39b)] corresponding to the profiles in Fig. 3:

T../To=0.998, 0.982, 0.911, 0.833, 0.290 (59a)

Coo/Co =0.999, 0.991, 0.954, 0.913, 0.538 (59b)
The temperature profile
T() /T =14y = D/2AM, — Q%?/c%) (60)
leads to a negative temperature gradient in dimensionless form:

1 dT  d(T/T.) (1—y)Q2Ly  2Q°Ly
— S = _ 0 (61
T, dz d(y/L) cZ ¢z N = (61a)

It vanishes at the wall and the freestream and has a maximum value in
the modulus,

_—

dr|  _ (=D M
* dz

— (61b)

e -
L cZ 2N

oodZ

’ dr

max

at the edge of the boundary layer. The singularities of the acoustic
problem are at the critical level [Eq. (39b)] and the critical flow points
[Eq. (40)] at which the sound speed [Eq. (56b)] vanishes:

c(z4) =00z, = /1 +2/(y — D/M% = £1 + N/M%,
(62)

The positions of the three singularities determine (Table 1) the
solutions of the wave equation that are sufficient to cover the flow
region.

VI. Conclusions

The first set of plots (Figs. 4-7) concern sound propagation in a
homoenergetic shear flow. In the case (Fig. 4) of a high subsonic
freestream M, = 0.7, propagation in the freestream corresponds
[Egs. (§3a-53c)] to B, < —0.3 or B, > 1.7. For a wave frequency
equal to the vorticity o, = 1, the amplitude (Fig. 4a) is almost
uniform in the case of downstream propagation f,, = 2.0, and it
decays rapidly away from the wall in the case of upstream
propagation B, = —4.0; in the cases of evanescence in the
freestream, the amplitude increases slowly away from the wall for
upstream f,, = —0.1, and it oscillates for downstream propagation
Bs = 0.5. The phase (Fig. 4b) varies little in all cases; it is largest
for upstream propagation B,, = —4 and lowest for upstream
propagation f,, = 2.0, with smaller values in the modulus in the
evanescent cases fB,, = —0.1 and 0.5. For a sonic freestream
M, =1, the propagation range [Eqs. (53b) and (53c)] in the
freestream is B, < 0 or B, > 2. For a wave frequency much higher
than the vorticity «, = 10, corresponding (Fig. 5) to the ray theory,
there is small change in amplitude (Fig. 5a) or phase (Fig. 5b) for
downstream evanescence B, = 1; the amplitude oscillations are
more marked for propagation downstream S, =4 and upstream
Bso = —0.5, with phase jumps of 7 at the nodes. For a supersonic
freestream B, = 3.5, the propagating range [Eqs. (53b) and (53¢)]is
Boo <2.5 0r B, >4.5; for (Fig. 6) a frequency that is small when
compared with the vorticity o, = 0.1, the amplitude (Fig. 6a) and
the phase (Fig. 6b) vary little in the case of downstream evanescence
Bso = 3.0. In the other case of downstream evanescence S, = 2,
there is significant amplitude variation and smooth phase changes.
In the case of upstream propagation B, = —4, the amplitude
oscillation includes a node in the boundary layer, corresponding to a
jump of m in the otherwise constant phase.

The last two plots (Figs. 7 and §) concern a comparison of the
sound field due to a line source over a rigid wall at a distance of
two boundary-layer thicknesses for a boundary layer with a linear
velocity profile in homentropic (dotted line) or homoenergetic
(solid line) conditions. Note that the homentropic boundary layer is
isothermal (i.e., has a constant sound speed everywhere); the
homoenergetic shear flow [Eq. (11a)] has a sound speed [Eq. (56b)]
and temperature [Eq. (60)] that, for a linear velocity profile [Eq. (33)],
decreases away from the wall, leading to a negative temperature
gradient, as shown in Fig. 2. The first plot concerns a case of wave
frequency equal to the vorticity ., = 1 and the oblique upstream
propagation B, =4, for which there is no critical level in the
boundary layer (Fig. 7), because B, > M., in Eq. (39b) implies
z.>1. The amplitude (Fig. 7a) is almost identical for the
homentropic S and the homoenergetic E cases at the low freestream
Mach number M, = 0.1, but the difference increases with the
increasing Mach number M, = 0.2, 0.7, 1.0, leading to very
different values of the wall pressure in the supersonic case
M, = 3.5, when the acoustic pressure at the wall is much larger in
the homentropic case. The reduction in sound speed in the freestream
in the homoenergetic case implies that sound propagates against a
sound speed increasing toward the wall, thus causing reflection and
leading to a smaller amplitude at the wall. The phase (Fig. 7b) is
larger for the homentropic case than for the homoenergetic case, with
a small difference at the low Mach number M_, = 0.1 and a more
noticeable difference with increasing the Mach number M., = 0.3,
0.7, 1.0. The constant sound speed in the homentropic case leads to a
larger phase shift than the sound speed, decreasing into the
freestream in the homoenergetic case. The exception is the super-
sonic freestream M, = 3.5, for which the phase is the same in the
homentropic and homoenergetic cases. The reason is that M, = 3.5
is the only case, in Fig. 7, of evanescence B, <M., + 1 for
Bso =4.0. Thus, for M, = 3.5, the evanescent waves in the
freestream have the same phase in the homentropic and the
homoenergetic cases. The phases differ in the homentropic and
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Table 2 Sound fields due to line source

Parameters Wave fields

Case! Boo M, |0 Arg Q
E 1.0 —-4.0,-01,0.5,2.0 0.7 Fig.4a Fig. 4b
E 10 -0.5,1.0,4.0 1.0 Fig.5a Fig. 5b
E 0.1 —-4.0,2.0,3.0 3.5 Fig. 6a  Fig. 6b
EorS 1.0 4.0 0.1,0.3,0.7, Fig.7a Fig.7b

1.0, 3.5
EorS 1.0 M, /2 0.1,0.3,0.7, Fig.8a Fig.8b

1.0, 3.5

4§ denotes homentropic and E denotes homoenergetic.

homoenergetic cases for propagation in the freestream M+
1 < B = 4.0, which includes all cases in Fig. 7 (except M, = 3.5).
The final plot (Fig. 8) again considers the wave frequency as equal to
the vorticity M, = 1, with the condition 8., = M, /2, which places
[Eq. (39b)] the critical layer z. = 0.5 at the middle of the boundary
layer. The amplitude (Fig. 8a) of the sound field is always larger in
the homentropic case than in the homoenergetic case; it is almost
uniform in the homentropic case and has a dip in the homoenergetic
case. The homentropic case corresponding to the constant sound
speed implies sound reflection due only to the velocity gradient in the
shear flow; the reflection is stronger for the homoenergetic case,
because it is then augmented by the gradient in sound speed (or
temperature). With the increasing Mach number, the amplitude
decreases monotonically in the homentropic case and tends to
increase in the homoenergetic case. The phase (Fig. 8b) differs most
between the homentropic and homoenergetic cases for the largest
Mach number, and it is more uniform in the former case. The
homentropic case of constant sound speed leads to a larger phase than
the homoenergetic case for which the sound speed decays away from
the wall; the effect is more noticeable for the larger freestream Mach
number, because the change is sound speed (or the temperature
gradient) is larger.

The near coincidence of the homentropic and homoenergetic cases
at low Mach numbers results from the sound speed [Eq. (11a)] being
nearly constant in that case, so that the wave equation (8) simplifies to
the usual form [Eq. (10)]; as the Mach number increases, the extra
terms in Eq. (8), when compared with Eq. (10), play a larger role. The
plots concerning a line source outside a (Fig. 1) boundary layer with a
linear shear velocity profile are indicated in Table 2, which can be
compared with the complete Table 1 listing of the sound fields in the
shear flow. The plots of the acoustic pressure in Figs. 4-8 involve a
third dimensionless parameter, in addition to the two in Table 1;
namely, the ratio of the wave frequency to the mean flow vorticity,
which is constant in the boundary layer. Figures 4-6 concern the
acoustics of a homoenergetic flow, and the Figs. 7 and 8 add a
comparison with the acoustics of a homentropic flow. The sound field
due to a source in a uniform stream, matched to a linear shear flow,
was considered for the homentropic case [33] when the flow
was isothermal. The consideration of the same unidirectional shear
flow velocity profile in nonhomentropic conditions (e.g., for a
homoenergetic profile) leads to a nonisothermal flow with a variable
sound speed. The additional refraction effects are significant if the
Mach number is supersonic, and lead to a noticeable reduction of
acoustic pressure at the wall, for a homoenergetic profile when
compared with an isothermal boundary layer. For subsonic Mach
numbers, the temperature gradients are small and have a small effect.
The velocity profile has a significant effect, even at low Mach
numbers, in the presence of a critical level.
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Appendix A: Energy Equation for Isoenergetic
and Homoenergetic Flows

The energy equation [80] is

1 1
—(,i (Epvz + pe) +V. [pv(§v2 + h)] =-V-(xVT)
ad
+ a_xi(v_/‘aij) (A

where e is the internal energy, & is the enthalpy, x is the thermal
conductivity, and o;; are the viscous stresses. Introducing the
stagnation enthalpy,

1

b= v2+h=5v2+e+% (A2)

N =

the energy equation (A1) becomes

d d
E(Pb —p)+ V- (pbv) ==V - (xVT) + E(Ujo-ij) (A3)
In the case of a nondissipative fluid, this simplifies to

b 0
x=0=o0;: ——+,o(§+v-Vb)+b|:a—f+V-(pv)j|=O

(A4)

Using the equation of continuity, it follows that, for a nondissipative
fluid,

db dp
= = —_———= A
x=0=o0y KPR, 0 (A5)
If, in addition, the flow is isoenergetic,
db ap
= = —_— =Y. — = A
x=0=0;; i 0 o 0 (A6)

then the pressure is steady. Thus, the homoenergetic flow of a
nondissipative fluid cannot support acoustic waves (i.e., they cannot
exist in these conditions). However, acoustic waves can exist as
perturbations of a homoenergetic flow. Note that simplifying the left-
hand side of Eq. (A3), as in Egs. (AS) and (A6), the energy equation
can be written, in terms of the stagnation enthalpy [Eq. (A2)], for a
dissipative fluid (in general),

db dp d
Par =V (xVT) +a7i(vj<7ij) (A7)
and for an isoenergetic flow:
db ap 0
— =0 ——=-V-(¥VT) + — (vj0;; A8
= 5=V OV Aoy (A

The homoenergetic flow b = const is a particular case of an
isoenergetic flow db/dt = 0.

Appendix B: Transformation to a
Generalized Heun’s Equation

The wave equation (24) is a second-order ordinary differential
equation of the extended Heun type,
LE-1DE-FR' +{(A+B+1)*—[A+B+1
+F(C+D)—-Dl+FC)R —(E+AB{+ G+ HP)R=0
B
of which the original Heun type [81,82] is the particular case
G = 0 = H. Any linear second-order differential equation with four

regular singularities can be reduced to the original Heun type by
placing the singularities at { = 0, 1, F, and oo. In the extended Heun
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differential equation (B1) there are three regular singularities { = 0,
1, and F, but the point at infinity ({ = co) is an irregular singularity of
degree two, because H # 0; comparing Eq. (B1) with Eq. (24), it
follows that four of the parameters in the extended Heun
equation (B1) are given in the present problem by

c=2 (B2a)
E=0 (B2b)
{G,H} =(1—=1/A) {1 + F, —1—p*/A%} (B2¢)

The remaining three constants A, B, and D satisfy

A+B=-1 (B3a)
AB=—a(l —1/APF=a(1/A?—1) (B3b)
D=—1-2A (B3c)

where Eq. (23b) was used. Thus, A and B are the roots of
0=0—-AP—-B)=0"—(A+B)V+AB=0"+10
+a(l/A*=1) (B4)

That is, they are given by
A,B=—(1/2){li\/1—|—4(x(1—1/A2)} (B5a)

Note that, because Eq. (B1) is a generalization of Heun’s differential
equation, the properties of the latter do not generally apply to the
former as a consequence of one of the singularities at infinity being
irregular. Even the solutions in the Frobenius—Fuchs series in the
neighborhood of regular singularities have different recurrence
formulas for the coefficients, as is shown next in the case of the
regular singularity at the origin. The point { =0 is a regular
singularity of [Eq. (B1)] the original H =0 =G and extended
(G,H) # (0,0) Heun equation, and so in its neighborhood
Frobenius—Fuchs series, expansions exist:

I <1: Ry(D) =) en(0)g™* (B6)
n=0

with a radius of convergence specified by the nearest singularity
& = 1. Substitution of Eq. (BS) into Eq. (B1) leads to the recurrence
formula for the coefficients:

Fn+o+1)(n+o+Ce, 1 (0)={(n+o0)(n+0)(1+F)
+A+B—-D+F(C+D-1)]+ E}e,(0)
—[n+o0c—-1)(n+0+A+B—1)—ABle,_,(0)

+ Ge, ,(0) + He, _3(0) B7)
The indicial equation,
n=—1: Fo(c+ C—1)ey(o0) =0 (B8)

is the same for the original and extended Heun’s equations, and it is
also the same as for the Gaussian hypergeometric equation:

F=E=0=G=H;D=C:{(1 -{R"
+[C—(A+B+ 1){JRR—ABR=0 (B9)
The next two recurrence formulas [Eq. (B7)] for n =0, 1 are also

similar for the original and extended Heun’s equations, but they are
different from the Gaussian hypergeometric case. For n > 2, the

recurrence formula is different in all three cases. As a final remark,
note that the asymptotic expansions for the original and extended
Heun’s equations cannot be the same, because the point at infinity of
the original (extended) Heun’s equation is a regular (irregular)
singularity and, thus, the solution cannot (must) have an essential
singularity.

Appendix C: Time Harmonic Line Source
in a Uniform Stream

The emission of sound by a time harmonic ¢’ line source at
position y =y is specified by the wave equation (34), forced by the
delta function and involving the wave number in Eq. (35). Using a
Fourier representation for the spatial dependence of the acoustic
pressure,

Po(v: K, ) = / " B(Rye-i®r dR 1)

—00

and recalling the property of the delta function,

278(y — yo) = f " expliR—y)] K ()

replaces the differential equation (34) by an algebraic relation:
(K> — K*P(K) = (S/27) exp(iKy,) (€3)
Substituting Eq. (C3) into Eq. (C1),

S [+ exp[iK(yy — =
Ptk = | oM ak (e

The integrand has two simple poles K = +£K on the path of
integration, corresponding (respectively) to upward-propagating
K = —K and downward-propagating K = +K waves. Below the
source y < y,, the waves are propagating downward, so that the pole
K =K is included, and the pole K = —K is excluded by suitably
indenting the path of integration (Fig. C1) along the real axis; closing
it by a large half-circle in the upper-half complex-K plane, the
integral may be evaluated as the residue of the integrand at K = K
times im (because the pole lies on the path of integration):

N _ Ko=) iS
Yo> ¥ Pouy) = pomilim (K = K)o =~

iK(yo—y)
T

(C5a)

1m(K)

Re (K)

=

Fig. C1 Paths of integration for the evaluation of the integral [Eq. (C4)]
by the residues.
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Above the source y > y,, the path of integration is closed by a large
half-circle in the lower-half complex-K plane, so that (Fig. C1) the
pole at K = —K is included, and K = K is excluded, corresponding
to an upward-propagating wave and evaluation of the integral as —im
times the residue:

» S D lim (R4 K Ko=)
y>Yo: Poo(y) = E(—ﬂl)KifflK( + )m
__ 5 ik
=-1k¢ (C5b)
Both cases [Egs. (C5a) and (C5b)] are included in
P oo(y) = =(iS/4K) expliKly — yol} (C6)

which specifies the forced solution of Eq. (34). The free solution of
the wave equation (34) is a superposition of upward- and downward-
propagating waves,

P () = C_exp(iKy) + C, exp(—iKy) (C7)

with amplitudes, respectively, of C, and C_. The sum of Eqgs. (C6)
and (C7) specifies the complete solution:

Po(y) = Po(y) + Poo(y) = C_exp(—iKy) + C, exp(—iKy)
— (iS/4K) exp{—iK|y — yo|} (C8)

To satisfy the radiation condition, C_ =0 in Eq. (C8), leading to
Eq. (36).
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